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Poincaré Algebra

2.1 Poincaré Algebra

In the lecture, we have introduced the commutation relations of the Poincaré
algebra

[Pµ, Pν ] = 0 (1a)

[Jµν , Pρ] = i (gµρPν − gνρPµ) (1b)

[Jµν , Jρσ] = i (gµρJνσ − gµσJνρ − gνρJµσ + gνσJµρ) . (1c)

and the Pauli-Lubanski vector

Wµ =
1

2
εµνρσJ

νρP σ . (2)

• Show that

[Pµ, P
ρPρ] = 0 (3a)

[Jµν , P
ρPρ] = 0 (3b)

[Pµ,W
ρWρ] = 0 (3c)

[Jµν ,W
ρWρ] = 0 (3d)

2.2 Poincaré Algebra Spin 0

• Show that the differential operators

Pµ = i∂µ (4a)

Jµν = i (xµ∂ν − xν∂µ) (4b)

realize the Poincaré algebra (1).

• Compute the Pauli-Lubanski vector Wµ in the realization (4).

• Compute
W 2 = W µWµ = −m2s(s+ 1) (5)

and deduce s.

1



2.3 Poincaré Algebra Spin 1/2

The constant Dirac matrices {γµ}µ=0,1,2,3,4 satisfy the anti -commutation re-
lations

[γµ, γν ]+ = γµγν + γνγµ = 2gµν . (6)

• Compute the commutation relations

[σµν , σκλ]− (7)

of the matrices

σµν =
i

2
[γµ, γν ]− . (8)

• Show that the sum of differential operators and matrices

Pµ = i∂µ (9a)

Jµν = i (xµ∂ν − xν∂µ) +
1

2
σµν (9b)

also realize the Poincaré algebra (1).

• Compute the Pauli-Lubanski vector again in the realization (9).

• Compute
W 2 = W µWµ = −m2s(s+ 1) (10)

and deduce s. Hint:

εµαβγε
µ
αβγ = −gαα′gββ′gγγ′ + signed permutations of α′, β′, γ′. (11)
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